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ABSTRACT
Simulations of hot, pressure supported, tilted black hole accretion flows, in which the angular
momentum of the flow is misaligned with the black hole spin axis, can exhibit two non-axisymmetric
shock structures in the inner regions of the flow. We analyze the strength and significance of these
shock structures in simulations with tilt angles of 10 and 15 degrees. By integrating fluid trajectories
in the simulations through the shocks, and tracking the variations of fluid quantities along these
trajectories, we show that these shocks are strong, with substantial compression ratios, in contrast
to earlier claims. However, they are only moderately relativistic. We also show that the two density
enhancements resembling flow streams in their shape are in fact merely post-shock compressions,
as fluid trajectories cut across, rather than flow along, them. The dissipation associated with the
shocks is a substantial fraction (≃ 3− 12 percent) of the rest mass energy advected into the hole, and
therefore comparable to the dissipation expected from turbulence. The shocks should therefore make
order unity changes in the observed properties of black hole accretion flows that are tilted.
Subject headings: accretion, accretion disks — black hole physics —MHD— shock waves— turbulence
1. INTRODUCTION
Much has been learned concerning the dynamics of
black hole accretion flows with magnetorotational (MRI,
Balbus & Hawley 1991, 1998) turbulence in recent years
through the use of global, general relativistic magne-
tohydrodynamical (GRMHD) simulations. In cases
where the effects of black hole spin are included, most
of these simulations have assumed that the angular mo-
mentum of the accretion flow is aligned with the black
hole spin axis (e.g. De Villiers, Hawley & Krolik
2003; Gammie, McKinney, & To´th 2003;
Krolik, Hawley, & Hirose 2005; Noble, Krolik, & Hawley
2009; Penna et al. 2010). This has been done largely
for simplicity, and because turbulent stresses interacting
with Lense-Thirring precession have long been believed
to align the inner accretion disk with the black hole
spin axis (Bardeen & Petterson 1975), at least when
the disk is geometrically thin and turbulent stresses
are approximately isotropic. How this alignment might
really work in geometrically thin disks with MRI
turbulence has only begun to be studied very recently
(Sorathia, Krolik & Hawley 2013b).
For geometrically thick disks, tilts and warps are gen-
erally thought to propagate as waves rather than dif-
fuse in the disk (Papaloizou & Lin 1995). It is then far
from clear that an alignment of the inner disk would
take place. In fact, GRMHD simulations of misaligned
or tilted thick flows extending out to a finite radius un-
dergo global rigid body precession at a frequency de-
termined by the ratio of the radially integrated Lense-
Thirring torque to the total angular momentum of the
flow (Fragile et al. 2007), but independent of the actual
tilt angle. On the other hand, if magnetic fields in the
vicinity of the black hole can build up to exert forces
that are sufficient to resist accretion, then rapid align-
ment of the flow by these magnetic fields can take place
(McKinney, Tchekhovskoy, & Blandford 2013).
Given that the angular momentum of the fuel source
for the accretion disk around a black hole is unlikely to
have any causal connection to the black hole spin, it
would appear that misaligned or tilted accretion flows
could be quite common in nature. This is especially
true in the Galactic center source Sgr A⋆, which is fu-
eled by winds from surrounding stars (e.g. Cuadra et al.
2006) and orbiting interstellar gas clouds (Gillessen et al.
2012), neither of which can possibly know about the spin
axis of the hole. It would be an amazing coincidence if
this particular radiatively inefficent flow would happen to
be aligned with the black hole spin. Misalignments are
also likely to be common for accreting supermassive black
holes as new sources of fuel enter the black hole’s gravi-
tational sphere of influence. The consequences of this for
the evolution of black hole spin in active galactic nuclei
has received much recent attention (e.g. King & Pringle
2006; Volonteri, Sikora & Lasota 2007).
In principle, a long-lived fuel source with stable an-
gular momentum, e.g. in an X-ray binary, could
torque the black hole spin into alignment given suffi-
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cient time, but estimates for how long this would take
(e.g. Martin, Tout, & Pringle 2008) depend on the un-
certain physics of Lense-Thirring precession combined
with MRI turbulence in a geometrically thin disk. Recent
hydrodynamic and MHD simulations of geometrically
thin, warped disks (Sorathia, Krolik & Hawley 2013a,b)
have begun to shed light on this physics, emphasizing
the importance of transonic flows that mix angular mo-
menta when warps are nonlinear, and the importance
of the fact that magnetorotational turbulent stresses are
anisotropic, in contrast to what is generally assumed in
alpha-based modeling of warps.
The observational evidence for alignments or mis-
alignments in black hole X-ray binaries is mixed.
Measurements of the orientation of the radio jets
(Hjellming & Rupen 1995) and the binary orbital an-
gular momentum (Greene, Bailyn & Orosz 2001) of the
microquasar GRO J1655-40 suggest a misalignment of
greater than 15 degrees. On the other hand, model-
ing of the observed jet kinematics in XTE J1550-564 by
Steiner & McClintock (2012) gives a jet orientation that
may be consistent with the binary orbital angular mo-
mentum. Given that only the inclination of the binary
angular momentum with respect to the line of sight has
been measured, not the position angle, they conclude on
a statistical basis that the misalignment with the jet axis
is less than 12◦ (90% confidence). As we shall see here,
though, even a tilt as small as this can have interesting
consequences.
Tilted black hole accretion flows that are hot and geo-
metrically thick exhibit significant dynamical differences
compared to their untilted counterparts. Neglecting the
small stochastic velocities associated with turbulence,
the orbits of fluid elements in tilted flows are eccentric,
not circular. At least for modest tilts, the major axes of
these eccentric orbits are parallel to the line of nodes be-
tween the disk midplane and black hole equatorial plane,
and the orientation of these orbits flips by 180◦ across
the disk midplane (Fragile & Blaes 2008). The eccen-
tricity of the orbits increases as one moves inward in
radius, implying a convergence of fluid trajectories near
their apocenters (Ivanov & Illarionov 1997). As a result,
a pair of standing shocks form in the flow on opposite
sides of the black hole along the line of nodes, but at high
latitude (Fragile & Blaes 2008). The innermost region of
the flow near the black hole is also significantly nonax-
isymmetric, with two high density arms connecting high
latitude regions of the larger thick disk to the black hole
(Fragile et al. 2007). Various measures of the average in-
ner truncation radius of the disk are approximately inde-
pendent of black hole spin, in contrast to the case of un-
tilted accretion disks where these measures of truncation
radius decrease with increasing black hole spin (Fragile
2009; Dexter & Fragile 2011). High frequency variabil-
ity that is enhanced compared to untilted flows is ex-
pected because of the interaction of transient clumps and
spiral acoustic waves with the nonaxisymmetric stand-
ing shocks (Henisey et al. 2009; Henisey, Blaes & Fragile
2012).
A tilted accretion flow necessarily breaks axisymme-
try, and so it is not surprising that nonaxisymmetric
structures exist. However, the origin and nature of the
high density arms in the innermost region is not entirely
clear. Fragile et al. (2007) asserted that these arms were
“plunging streams”, based in part on the fact that they
appeared to originate from high latitude points that co-
incided with the generalized innermost stable circular
orbit (ISCO) surface for inclined geodesics orbiting at
constant coordinate radius. The Mach numbers of the
shocks were also claimed to be very modest and de-
scribed as weak (Fragile & Blaes 2008), though actual
measurements of the Mach numbers over the complete
shock surfaces were not carried out. The shocks clearly
exerted significant torques on the flow and of course gen-
erated entropy (Fragile & Blaes 2008; Dexter & Fragile
2011; Henisey, Blaes & Fragile 2012), but a calculation
of how much dissipation of accretion power was actually
associated with them was not carried out.
It is the purpose of this paper to present a more com-
plete analysis of the dynamics of the high density arms
in the innermost regions, and both the dynamics and
dissipation of the shocks. We find that the density
arms are not in fact coherent streams of material, but
rather post-shock compressed regions in the flow (see also
Henisey, Blaes & Fragile 2012). Moreover, the shocks
themselves are strong, not weak, with upstream Mach
numbers as high as ≃ 4.7 − 6, depending on time, for
a 15◦ tilt. They also dissipate approximately 3 to 12
percent of the available accretion power. The shocks in
a tilted accretion flow therefore produce very substan-
tial changes in both the dynamics and thermodynamics
compared to an untilted accretion flow, which will likely
result in correspondingly significant changes in their ob-
served properties.
This paper is organized as follows. In section 2 we
provide a brief overview of the simulations used in our
analysis. We measure the fraction of accretion power dis-
sipated in the shocks in section 3, and then explore the
dynamical connection between the shocks and the high
density arms in the innermost regions in section 4. We
present the variation of shock strength with spatial po-
sition and with tilt angle in section 5. We summarize
our conclusions and briefly discuss the implications in
section 6. Throughout this paper, we use a metric with
signature (− + ++), and except where otherwise speci-
fied, we use units where the speed of light and Newton’s
gravitational constant are unity: c = G = 1.
2. SIMULATIONS
The GRMHD simulations used in our study are
0910h and 0915h, described and reported on previously
by Fragile et al. (2007) and Henisey, Blaes & Fragile
(2012), and generated using the Cosmos++ code
(Anninos, Fragile & Salmonson 2005). Both assumed
a Kerr spacetime with dimensionless black hole spin
a/M = 0.9, and used Kerr-Schild coordinates
(Font, Iba´n˜ez & Papadopoulos 1998), rotated by the de-
sired tilt of the accretion flow (Fragile & Anninos 2005,
2007). The coordinate radius of the horizon for this black
hole spin is 1.44M .
The simulations were initialized with a torus with pres-
sure maximum at coordinate radius r = 25M . A circular
geodesic in the equatorial plane of the black hole at this
coordinate radius has an orbital period torb ≃ 791M ,
and this is close to the actual orbital period of the fluid
at the initial pressure maximum of the tilted torus. The
torus was initialized with poloidal magnetic field lines
along isobaric surfaces, together with random perturba-
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tions which seeded the growth of the MRI.
The flow was evolved using the internal energy scheme
of Cosmos++ with an artificial viscosity that we review
in more detail in section 3 below. Total energy is not
conserved in these simulations, as magnetic and kinetic
energy losses occur at the grid scale and are not recap-
tured as in simulations that use a total energy scheme.
The spatial grid used in the simulations consisted of
a Kerr-Schild polar coordinate mesh with 32 × 32 × 32
zones at the base level encompassing all 4pi steradians. In
addition there were two layers of refinement with twice
the resolution in each refinement, resulting in a peak res-
olution equivalent to a simulation with 128 × 128 × 128
zones. This peak resolution was achieved over the re-
gion 1.41M ≤ r ≤ 120M , 0.111pi ≤ ϑ ≤ 0.889pi and
0 ≤ ϕ < 2pi in the tilted Kerr-Schild coordinates.1 In
other words, the peak resolution covered most of the sim-
ulation domain except the regions near the polar axes
of the tilted Kerr-Schild coordinate system. In addition,
grid zones were spaced logarithmically in the radial direc-
tion, nonuniformly in the polar direction with a concen-
tration toward the midplane of the original tilted torus,
and uniformly in the azimuthal direction. Much more de-
tail on this gridding and other technical aspects of these
simulations can be found in Fragile et al. (2007).
We focus here on data in the time range from 4 torb,
after which MRI turbulence is well-established in the in-
ner regions of the flow near the black hole, to 10 torb,
the simulation duration. All fluid variable data from the
simulations was written out to files 200 times per orbit
at the pressure maximum radius 25M of the initial torus.
This corresponds to a time of ≃ 3.955M between data
dumps.
3. DISSIPATION ASSOCIATED WITH THE SHOCKS
As we noted above, the Cosmos++ simulations we
are analyzing were performed by integrating the inter-
nal energy equation, and not a total energy equation.
As a result, energy is not fully conserved because of
losses of magnetic and kinetic energy at the grid scale.
Simulations such as these therefore mimic an accretion
flow wherein accretion power is lost by cooling, but
in a completely uncontrolled and artificial way. Simi-
lar simulations have been done to explore the dynam-
ics of MRI turbulence in untilted accretion flows (e.g.
De Villiers, Hawley & Krolik 2003), but using them to
explore the dissipation of this turbulence is clearly prob-
lematic. One approach has been to adopt proxies such
as the square of the electric current density which might
track resistive dissipation (Beckwith et al. 2006), or the
electromagnetic stress tensor combined with gradients in
fluid velocity (Beckwith et al. 2008).
The one aspect of the dissipation that is explicitly
treated in our simulations, however, is the dissipation as-
sociated with the shocks. The artificial viscosity used in
Cosmos++ is designed to both numerically resolve these
shocks and to capture the mechanical energy dissipated
into gas internal energy. We can therefore use this artifi-
cial viscosity dissipation to measure the likely contribu-
tion to the overall dissipation of accretion power by the
1 The 0.075pi ≤ ϑ ≤ 0.925pi limits stated in Fragile et al. (2007)
are incorrect, and actually refer to the limits of the concentrated
latitude coordinate x2 in that paper.
large scale shocks formed in tilted accretion flows. We
note, however, that because fluid pressure is fundamen-
tally related to dissipative heating in any real accretion
flow, energy conserving simulations with or without cool-
ing prescriptions may produce quantitative differences in
shock strength and dissipation from the ones we present
here. For example, in an energy conserving, radiatively
inefficient flow with no significant cooling, the flow will be
hotter than that simulated here, and the Mach numbers
of the fluid motions may therefore be smaller, possibly
resulting in somewhat weaker shocks.
The internal energy equation used in our GRMHD sim-
ulations is
∂tE + ∂i(EV
i) = −P∂tW − (P +Q)∂i(WV i), (1)
where V i ≡ ui/ut is the coordinate three-velocity, uα is
the fluid four velocity, W = (−g)1/2ut is the relativistic
boost factor, Q is the artificial viscosity, P is the fluid
rest frame gas pressure, E is related to the fluid rest
frame internal energy density e = P/(Γ − 1) (excluding
rest mass) by E = We, and Γ is the adiabatic index of
the gas (assumed to be 5/3 in our simulations). The left
hand side of this equation can be rewritten as
∂tE + ∂i(EV
i) = (−g)1/2∇α(uαe) (2)
Consequently, when integrated over the duration and
volume of the simulation, this term represents the total
change in the internal energy of the fluid. The integral
of the right hand side of the internal energy equation
(1) consists of a pressure term and an artificial viscos-
ity term. The pressure term represents reversible work,
while the artificial viscosity term represents irreversible
dissipation.
The artificial viscosity used in our simulations is given
by (Anninos, Fragile & Salmonson 2005)
Q =
{
IN∆xmin∂iV
i(2∆xmin∂jV
j − 0.3cs) if ∂kV k < 0,
0 otherwise,
(3)
where ∆xmin is the minimum covariant zone length for
the particular grid point under consideration, and cs is
the relativistic sound speed,
cs =
[
Γ(Γ− 1)P
ΓP + (Γ− 1)ρ
]1/2
, (4)
where ρ is the fluid frame rest mass density. The quantity
IN is a normalized inertia multiplier,
IN ≡ 1
g
1/2
3
[E +W (ρ+ P +
√
3Q+ 2PB)], (5)
where PB is the magnetic pressure in the fluid rest frame,
and g3 is the 3-metric determinant.
2 Note that IN itself
depends on Q. In the simulation this corresponds to the
Q at the previous time-step. We drop this term in the
analysis that follows, as it is difficult to reconstruct from
the existing simulation data. We also tried solving equa-
tions (3) and (5) simultaneously for Q, and the results
2 This formulation of the artificial viscosity is not covariant due
to the presence of the coordinate velocity divergence in the defini-
tion. We believe that this does not significantly affect the results
presented here, but in the future it would be good to test this with
a fully covariant formulation of artificial viscosity.
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of these two approaches were generally consistent within
a few percent. However, we occasionally found spurious
numerical artifacts (i.e. negative dissipations) when we
tried solving the two equations simultaneously.
We integrated the artificial viscosity term −Q∂i(WV i)
in equation (1) over the highest refinement grid portion
inside of r = 14M over all epochs to determine the to-
tal dissipation rate associated with the shocks. We then
time-averaged this total dissipation rate, and found that
it amounts to 6.1 percent of the time-averaged rest mass
energy accretion rate M˙c2 onto the hole for the 10◦ sim-
ulation, and 8.9 percent for the 15◦ simulation. Fig-
ure 1 shows the instantaneous accretion rates, and in-
stantaneous dissipation. It is also useful to measure the
instantaneous dissipation rate and scale it with the in-
stantaneous M˙c2 currently entering the hole. We first
smoothed M˙c2 and the dissipation rate over 237M ≃
0.3 torb time intervals to smooth out high frequency fluc-
tuations. As shown in the bottom panel, the scaled dis-
sipation rate ranges from approximately 3 to 9 percent
and 7 to 12 percent of the instantaneous M˙c2 for the 10◦
and 15◦ simulations, respectively. Note that, apart from
fluctuations, the accretion rate into the hole generally
declines by roughly a factor of two over long time scales,
while the dissipation rate shows no such obvious decline.
The scaled dissipation rate therefore increases somewhat
over time.
That this dissipation is associated with shocks can be
seen in Figure 2, which shows the spatial structure of
surfaces enclosing regions where ninety percent of the
total dissipation occurs in the 10◦ and 15◦ simulations.
Note that in Figure 2 we restrict the surface to a box
that is 8M on each side. The nonaxisymmetric struc-
ture due to the presence of the large scale shocks is ev-
ident (see also Figures 6 and 7 below). For the pur-
poses of this paper we take these 90 percent surfaces as
a working definition of shocks. We note that our 90 per-
cent surfaces are spatially co-located with the entropy
generation surfaces discussed in Fragile & Blaes (2008);
Henisey, Blaes & Fragile (2012).
The spatial extent of the shocks is actually increasing
slowly with time throughout the course of both the 10◦
and 15◦ simulation. Because of this, the shocks are able
to dissipate a larger fraction of the energy in the flow
as time goes on. In the case of the 10◦ simulation, this
more than compensates for the declining accretion rate
from 4 to 7 orbits, so that the volume integrated dissipa-
tion rate increases over this time period. Later on, the
increased spatial volume of the shocked regions appears
to just compensate for the declining accretion rate, and
this is also true throughout the 15◦ simulation, so that
the dissipation rate is roughly constant.
To address how much of this power escapes the vicin-
ity of the black hole requires an understanding of how
that power might be emitted as photons, and how
many of those photons will reach an observer at infin-
ity (Dexter & Fragile 2011, 2013). As a crude estimate
of this, Figure 1 also shows the time dependence of the
scaled volume-integrated dissipation rate in both simula-
tions, but excluding regions inside the coordinate radius
of the direct equatorial photon orbit, as it is likely that
emission from inside this orbit will not reach infinity. The
dissipation rates outside the photon orbit are less than
the previous estimates of the total dissipation rates, but
only slightly: 3 to 9 percent and 6 to 10 percent of the
instantaneous M˙c2 for the 10◦ and 15◦ simulations, re-
spectively.
These scaled dissipation rates should be compared with
the binding energy per unit rest mass of the equatorial
ISCO orbit, which is commonly used as an estimate of
the radiative efficiency for standard geometrically thin,
optically thick accretion disks. This is approximately
16 percent for the a/M = 0.9 black hole spin assumed
in our simulations. Clearly the dissipation associated
with shocks in accretion flows with even the modest tilts
considered here can be a substantial contributor to the
overall dissipation of accretion power.
4. DYNAMICS ASSOCIATED WITH THE SHOCKS
In their analysis of radially extended coherent vari-
ability in tilted accretion flows, Henisey, Blaes & Fragile
(2012) showed that the two high density arms in the
inner parts of the accretion flow are located immedi-
ately downsteam of the two standing shocks, and that
structures associated with the variability (transient den-
sity clumps and associated spiral acoustic waves) orbit
through the density arms. This strongly suggests that
the density arms are regions of post-shock compression
across which material continues to move. This differs
from the interpretation of Fragile et al. (2007), which
had these density arms being actual fluid flow streams
(“plunging streams”), launched toward the black hole
because geodesic orbits are unstable close to the hole
and/or the shocks extracted sufficient angular momen-
tum from the flow that streamlines turn toward the hole
after crossing the shock surfaces. As illustrated in Fig-
ure 3, we likewise find that the shock structures are
clearly upstream of the overdense arms, and this is con-
sistent with both previous interpretations.
To understand the true nature of the high density
arms, we here investigate the fluid dynamics in their
vicinity by examining the actual fluid trajectories. We
computed these trajectories using the simulation data
dumps of coordinate three-velocity V i ≡ ui/ut inter-
polated in both space and time. To advance a tra-
jectory, we computed an interpolated velocity at the
current trajectory position and then used this to ad-
vance the trajectory a constant time-step. We chose this
time step to be smaller than the nominal orbital time
2pi(r3/2 + aM1/2)/M1/2 at the smallest simulation radii,
divided by the number of azimuthal grid zones in the sim-
ulation. As noted previously, our simulation data dumps
are separated by ≃ 3.955M in Kerr-Schild coordinate
time, corresponding to ≃ 1/7 of an orbital period for the
equatorial ISCO orbit at r ≃ 2.32M . Our trajectories
should therefore be reasonably accurate even near the
black hole, provided we do not integrate them for much
longer than an orbital period, and will be increasingly
accurate further away from the hole.
We selected grid points inside one of the density arms,
and then integrated the trajectories both forward and
backward in time. For simplicity, we first restricted the
starting grid points to all lie on one radial shell (r =
2.03M). Then, in order to get points inside one arm, we
chose points in the upper hemisphere where the density
exceeded the density of the contour chosen to illustrate
the arms shown in Figure 3. For clarity of visualization,
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Figure 1. Instantaneous accretion rate into the hole (top, in arbitrary units), volume-integrated dissipation rate due to artificial viscosity
(middle, in arbitrary units), and volume-integrated dissipation rate scaled by the instantaneous accretion energy M˙c2 into the hole smoothed
over a local time interval of 237M ≃ 0.3 torb (bottom). Black curves refer to the 10
◦ simulation, while red curves refer to the 15◦ simulation.
Dashed curves represent the full volume-integrated dissipation rate in each simulation, while solid curves exclude the dissipation inside the
coordinate radius of the equatorial direct photon orbit as a crude estimate of how much of the dissipation, if emitted locally, might reach
an observer at infinity.
Figure 2. Close-up (within a box 8M on a side) of the surface enclosing ninety percent of the dissipation at epoch 9.95 torb for the 10
◦
simulation (left) and the 15◦ simulation (right). The viewing orientation is directly down the spin axis of the black hole, and the flow in
both simulations is orbiting counterclockwise in this view. The line of nodes between the black hole equatorial plane and the plane of the
initial torus is horizontal in the viewing angle of these figures. As is particularly evident in the 15◦ simulation on the right, two shock
surfaces have formed, one to the left and below the black hole equatorial plane (i.e. behind the black hole in this viewing angle), and one
to the right and above the black hole equatorial plane (i.e. in front of the black hole in this viewing angle).
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Figure 3. Surface enclosing ninety percent of the dissipation (blue, identical to that shown in Figure 2) and a constant density surface
(green) for the 10◦ simulation (left) and the 15◦ simulation (right), both at epoch 9.95 torb, within a box 8M on each side. The viewing
orientation is exactly the same as in Figure 2), again looking directly down the spin axis of the black hole, so that the sense of rotation
of both the hole and the flow is counterclockwise. The arrows show the sense of a typical shock-crossing trajectory before (solid) it hits
the left shock surface (blue), then is behind the shock surface (dashed) in the compressed density region (green), and then emerges from
the compressed density region (solid). The overdense regions (green) clearly lie immediately downstream of the shock dissipation surfaces
(blue).
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Figure 4. The same constant density surface (green) as shown in
the right hand panel of Figure 3, with the same viewing orientation,
together with selected fluid element trajectories (blue curves) for
the 15◦ simulation at epoch 9.95 torb. These trajectories were
calculated by starting forward and backward integrations at points
within one of the shock dissipation surfaces, as illustrated by the
double arrow in the figure. Fluid flows along these trajectories in
a counterclockwise sense.
we then used only every fourth trajectory.
Figure 4 shows the resulting trajectories for the 15◦
simulation near epoch 9.95torb, that were integrated both
forward and backward in time starting from inside the
density arm in the upper right of the figure. All the fluid
trajectories clearly pass through the high density arm,
which therefore must represent a post-shock compression
region rather than a flow stream. The trajectories them-
selves still represent plunging orbits, in that they spiral
into the hole without going around many times, and this
is consistent with the fact that spheroidal test particle or-
bits (non-equatorial geodesics with constant coordinate
radius) are unstable in this region (Fragile et al. 2007).
Note, however, that these particular fluid trajectories are
not themselves geodesic orbits at large radii, as pressure
forces keep them moving above (or below) the disk mid-
plane.
5. STRENGTH OF SHOCKS
As noted in the introduction, Fragile & Blaes (2008)
claimed that the strengths of the pairs of shocks formed
in these tilted accretion flow simulations were quite mod-
est, but we now show that in fact they are quite strong.
One way to do this is to directly measure the upstream
Mach number of the shock at a particular point along its
surface, but this is nontrivial because of the complicated
geometry of both the shock and the tilted accretion flow.
We have instead adopted the strategy of computing ac-
tual fluid trajectories in the vicinity of the shock surfaces,
interpolating fluid rest frame pressure and rest mass den-
sity in space and time onto those trajectories, and then
measuring the jumps in these quantities that are caused
by the shock. The ideal hydrodynamic relativistic shock
jump conditions then imply that the upstream spatial
three velocity component normal to the local plane of
the shock in the shock rest frame is given by (e.g. Anile
1989):
v+ =
[
P− − P+
ρ2+(τ+ − τ−) + P− − P+
]1/2
, (6)
where the subscripts + and − refer to upstream and
downstream, respectively. The quantity τ is the dynam-
ical volume,
τ ≡ P + ρ+ e
ρ2
. (7)
The upstream Mach number is then justM+ ≡ v+/cs+.
These formulas assume that magnetic pressure and
tension are completely negligible in the shock dynam-
ics. We enforced this by only using trajectories along
which the local fluid rest frame magnetic pressure was
less than one tenth of the local fluid rest frame gas pres-
sure everywhere.
We measured jumps in pressure and density along the
fluid trajectories as they cross the shock surfaces. For
each point on the shock surfaces shown in Figure 3 we
calculated short trajectory segments going forward and
backward in time. To ensure our measurements remain
local, we restricted both the forward- and reverse-time
trajectory segments to ten azimuthal zones (twenty for
the combined trajectory). We experimented with the
length of trajectory segments calculated and found that
increasing the number of azimuthal zones slightly (from
ten to fifteen) does not affect our results. In order to
precisely measure the pre- and post-shock pressures and
densities, we also measured the artificial viscosity dis-
sipation rate per unit volume [−Q∂i(WV i) in equation
(1)] along the trajectories. This generally exhibits a very
sharp maximum near the shock surfaces. Thus, we chose
to measure pre- and post-shock fluid quantities at po-
sitions on either side of the dissipation peak where the
dissipation rate dropped to below eleven percent of its
maximum. Any trajectory segment for which this did
not occur was excluded. We experimented with differ-
ent percentage thresholds (i.e. five and twenty percent)
and found that the maximum upstream Mach numbers,
Lorentz factors and compression ratios changed by at
most five percent. (Interestingly, measurements for indi-
vidual trajectories were not as robust. For example, we
took trajectories corresponding to the maximum Mach
number for a given threshold and measured the changes
in the quantities for each individual trajectory in this
set. We found that the shock quantities could change by
as much as twenty percent. In fact, trajectories corre-
sponding to maximum shock quantities for our nominal
threshold could be rejected for other choices of threshold.
While these details may merit further investigation, they
are not particularly important for the purposes of obtain-
ing a rough estimate of overall shock strength.) As an
independent verification of whether these provided good
pre- and post-shock measurements, we also checked how
well they satisfied the Taub adiabat (e.g. Anile 1989),
which may be written
(P− − P+)(τ− + τ+)
ρ2
−
τ2
−
− ρ2+τ2+
= 1. (8)
We only considered trajectories for which the difference
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between the left hand side and unity was less than five
percent over the shock surfaces. Figure 5 shows an exam-
ple of fluid quantities measured along one particular tra-
jectory that we considered acceptable at epoch 9.95 torb
in the 15◦ tilt simulation.
Figures 6 and 7 show the distribution of upstream
Mach numbers, Lorentz factors, and density compres-
sion ratios across the shock surfaces at epoch 9.95 torb ≃
7871M in the 10◦ and 15◦ tilted simulations, respectively.
The shock surfaces in these figures have projected ra-
dial extents . 10M , consistent with the radial extent
of significant entropy generation measured in these sim-
ulations (Fragile & Blaes 2008; Henisey, Blaes & Fragile
2012). The shocks are mildly relativistic, with upstream
Lorentz factors of at most 2 in the 10◦ tilt simulation and
1.9 in the 15◦ tilt simulation at this particular epoch, and
even these Lorentz factors are only achieved very close
to the black hole (r = 1.5M and 1.6M , respectively,
compared to the horizon radius of 1.44M). However,
the shocks are nevertheless strong, with upstream Mach
numbersM+ as high as 4.3 at approximately r = 2.3M
and 4.7 at approximately 3.4M for the 10◦ and 15◦ tilted
simulations, respectively, at this particular epoch. Den-
sity compression ratios are also strong, as high as 4.8 and
5 for 10◦ and 15◦, respectively, at this particular epoch.
This is somewhat higher than the maximum value of 4
expected for a non-relativistic shock, and these high com-
pression ratios are occurring near the black hole where
the Lorentz factors of the flow through the shock are
somewhat higher than unity. The highest Mach num-
bers are actually achieved further out in radius, where
the compression ratios are 4.3 and 4.1 for the 10◦ and
15◦ simulations, respectively.
Table 1 summarizes the properties of the shocks at
positions of maximal upstream Mach number at this
epoch as well as three earlier epochs, in both simulations.
Also listed are the locations and values where the shocks
achieve maximal upstream Lorentz factor and compres-
sion ratio. The maximal Mach numbers vary consider-
ably with epoch, ranging from 3 to 4.6 for 10◦ and 4.7 to
6 for 15◦. The maximal upstream Lorentz factors never
exceed 2 for all the tilts and epochs considered here. Ma-
terial is also strongly compressed with the compression
ratio exceeding 4 for 2 of the 4 epochs for 10◦ and all 4
epochs for 15◦. The maximum Mach number generally
occurs further out in radius from the point of maximal
compression. Although the shock properties vary over
time, the shocks are consistently strong and only mildy
relativistic.
Our previous claim that the shocks were quite weak
was based in part on the fact that there exist re-
gions in the flow which are strongly magnetized (low
plasma beta), and visually these regions appeared to
be associated with the post-shock regions of the flow
(Fragile & Blaes 2008). However, our more detailed,
quantitative analysis here shows that much of the shock
surfaces are actually associated with weakly magnetized
fluid trajectories. Our previous argument was therefore
incorrect, and the shocks are in fact strong. In this paper,
we focused on weakly magnetized trajectories, purposely
excluding trajectories passing through strongly magne-
tized regions.
6. CONCLUSIONS
In general, there is no reason to expect the angu-
lar momentum of the fuel source in a black hole accre-
tion disk to have any causal connection to the spin of
the hole itself, unless there has been sufficient time for
alignment to take place. This suggests that tilted ac-
cretion flows could be quite common in nature, particu-
larly in the case of supermassive black holes which fre-
quently receive new sources of fuel. Two mechanisms
have been proposed that can plausibly align a black
hole and a tilted accretion disk. A geometrically thin
disk could be aligned by the Bardeen-Petterson effect
(Bardeen & Petterson 1975; Sorathia, Krolik & Hawley
2013b). More recently, an MHD alignment mecha-
nism associated with magnetically arrested accretion
was found to be effective in aligning geometrically thick
disks (McKinney, Tchekhovskoy, & Blandford 2013).
Nonetheless, there are GRMHD simulations of geometri-
cally thick flows where the disk remains misaligned with
the spin of the hole (Fragile et al. 2007).
Such simulations of hot tilted flows exhibit striking
qualitative differences in the innermost regions from un-
tilted flows: notably, a pair of standing shocks and a pair
of high density arms. Fluid trajectories pass through
the high density arms, which are therefore regions of
post-shock compression, rather than streams of mate-
rial plunging into the hole as claimed by Fragile et al.
(2007). The shocks themselves are quite strong, though
only mildly relativistic, with upstream Mach numbers as
high as ≃ 4.6 − 6 for tilt angles of 10◦ − 15◦. Dissipa-
tion within the shocks amounts to a substantial fraction
(3−12 percent) of M˙c2. A steady-state has not yet been
achieved in the simulations analyzed in this paper, and
the dissipated fraction of M˙c2 actually slowly increases
with time. This is because the shocked regions expand
outward and dissipate larger fractions of the accretion
power.
It is natural to ask how the shocks would affect the
observed properties of the accretion flow. Synthetic im-
ages, spectra and variability of simulated tilted accretion
flows produced by post-processed general relativistic ray
tracing calculations have been produced in recent years
using a number of emission models (Dexter & Fragile
2011, 2013). In the context of the Galactic Center
source Sgr A∗, the emission was assumed to be ther-
mal synchrotron with a spatial and temporal electron
temperature distribution that is in fixed proportion
to the ion temperature measured from the simulations
(Dexter & Fragile 2013). Synthetic images under these
assumptions are strongly dominated by the shock struc-
tures, particularly when viewed face-on. Moreover, the
electron temperatures get high enough that the spectra
can reproduce the observed near infrared emission from
this source. That the shocks are playing such a domi-
nant role may in part be because of the assumed emis-
sion model: the internal energy evolution scheme of the
simulations means that the only heating that occurs is
near shocks, and so that is where the electron tempera-
tures will be high. However, the fact that we find that
the dissipation produced by the shocks is a substantial
fraction of M˙c2 implies that the shocks should be a very
important contributor to the emission from tilted accre-
tion flows, regardless of the assumed emission mecha-
nism. For example, Dexter, Agol & Fragile (2009) esti-
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Figure 5. Density ρ, pressure P , and dissipation rate per unit volume, all in code units, along one particular trajectory as it crosses the
shock surface at epoch 9.95 torb in the 15
◦ tilt simulation. Dots show the locations where pre- and post-shock quantities were measured.
Table 1
Shock Properties at Various Epochs and Locations
Tilt Epoch Maximum Upstream Mach Number Maximum Upstream Lorentz Factor Maximum Compression Ratio
(◦) (torb) (r/M, ϑ, ϕ)
a v+/cs γ(v+) ρ−/ρ+ (r/M, ϑ, ϕ)a γ(v+) (r/M, ϑ, ϕ)a ρ−/ρ+
10 4.05 (2.5,2.1,3.1) 3.0 1.1 3.3 (1.6,1.6,1.7) 1.1 (2.3,1.8,3.8) 3.4
10 6.00 (3.6,1.3,6.0) 3.8 1.1 3.6 (1.5,1.8,4.0) 1.5 (1.5,1.8,4.0) 3.9
10 8.00 (4.7,1.7,2.7) 4.6 1.2 3.9 (1.5,0.81,6.0) 1.5 (3.2,1.8,3.1) 4.1
10 9.95 (2.3,0.99,5.1) 4.3 1.5 4.3 (1.5,1.1,5.9) 2.0 (1.5,1.1,5.9) 5.0
15 4.05 (2.8,1.9,2.9) 4.7 1.3 4.1 (1.6,2.3,1.9) 1.4 (2.3,1.9,3.1) 4.4
15 6.00 (2.4,1.2,6.1) 6.0 1.5 4.5 (1.5,0.92,6.1) 1.6 (2.1,1.2,6.2) 4.7
15 8.00 (4.1,2.1,1.9) 5.0 1.2 4.0 (1.5,2.3,2.6) 1.9 (1.7,2.3,2.6) 4.9
15 9.95 (3.5,1.0,5.2) 4.7 1.2 3.9 (1.6,2.2,2.3) 1.9 (1.6,2.2,2.3) 4.8
a Locations in tilted Kerr-Schild coordinates
mate that of order ten percent of M˙c2 is lost by magnetic
reconnection in an untilted simulation completed using
the same, non-energy conserving code that we use here.
Shock dissipation is therefore likely to be comparable to
turbulent dissipation in tilted accretion flows.
Particularly in the collisionless conditions of the Sgr A∗
flow, the presence of standing shocks could also lead to
particle acceleration and nonthermal electron energy dis-
tributions. We find that the shocks are strong, but not
very relativistic, with compression ratios of at most 5.
Standard first order Fermi acceleration models would
therefore predict synchrotron surface brightness spectral
indices (Iν ∝ να) as flat as α = −0.4.
We thank the referee for comments that significantly
improved this paper, and Jason Dexter for very use-
ful conversations and comments. This work was sup-
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Figure 6. Upstream Mach number M+ = v+/cs+ (top row), Lorentz factor γ(v+) ≡ (1 − v2+)
−1/2 of the upstream three-velocity
component v+ normal to the shock surface in the local shock rest frame (middle row), and compression ratio ρ−/ρ+ (bottom row) for the
10◦ tilt simulation 0910h at epoch 9.95torb. The left column figures are viewed from directly above the black hole spin axis, with the line
of nodes between the black hole equatorial plane and the plane of the initial torus oriented horizontally (the same viewing geometry as in
Figures 2-4). The sense of rotation of both the black hole and the accretion flow is counterclockwise. The right column figures are viewed
with the black hole spin axis pointing upward in the plane of the page, and viewed from a direction in the equatorial plane that corresponds
to being above the position of the black hole in the left hand column of figures. The line of nodes between the black hole equatorial plane
and the plane of the initial torus is still horizontal and in the plane of the page in this view. The figures are to scale (treating the spatial
Kerr-Schild coordinates as flat space spherical polar coordinates for constructing these figures), with the filled black circle indicating the
location of the event horizon at r ≃ 1.44M . The horizontal extent of the figures is approximately 20M .
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